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Abstract 

In this paper, we generalize Conley's fundamental theorem of dynamical systems 
in Conley index theory. We also conclude the existence of regular index filtration 
for every Morse decomposition. [_ 



1 Introduction 

> 

Charles Conley is mostly known for his fundamental theorem of dynamical systems and 

q\ ■ his homotopy index theory (C|. In the latter, he proved that every continuous flow on a 

compact metric space admits a Lyapunov function which is strictly decreasing along the 

o' 



orbits off the chain recurrent set. This result has been developed by Franks for homeo- 
morphisms JF| and Hurley for noncompact metric spaces [Hl| - [|H4| 1. In the former, Conley 



defined a homotopy invariant for any isolated invariant set for a continuous flow. This 

>• . invariant gives some invaluable information about the behavior of the isolated invariant 

set. This paper concerns a combination of these two masterpieces. Indeed we generalize 

h : 

Conley's fundamental theorem of dynamical systems in Conley index theory. We also 
conclude the existence of regular index filtration for every Morse decomposition. The 
generalized Morse inequalities is a consequence of the existence of regular index filtration. 
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2 Conley index theory 

We start this section with some basic definitions. Let (p* be a continuous flow on a metric 
space X. An isolated invariant set is a subset S C X which is the maximal invariant 
set in a compact neighborhood of itself. Such a neighborhood is called an isolating 
neighborhood. A Morse decomposition for S is a collection {Mj}™ =1 where each Mj is an 
isolated invariant subset of S and for all x G S — IJILi ^* there exist i,j G {1, • • • , n) 
such that i > j, a(x) G Mj and u(x) G Mj. A pair (A, A*) of subsets of S is called 
an attractor-repeller pair if {A, A*} is a Morse decomposition for S 1 i.e. a(x) G A* and 
oj(x) G A for every x <E S - (AU A*). 

Let 5 be an isolated invariant set with an isolating neighborhood V and a Morse 
decomposition {Mj}™ =1 . In |SJ, it is proved that if (p*- ' +o °> (x) C V, then to(x) C Mj for 
some 1 < i < n. Similarly if y^ -00 ' '^) c V, then a(x) C Mj for some 1 < i < n. Now 
for j = 0, • ■ ■ , n, we define 

7+ = I+(V) = {xe V\^°°\x) c V, u(x) C Mj+i u ■ ■ ■ u M n } 

J- = 17 (V) = {xe Vl^-^ix) C V, a(x) C Mi U ■ • ■ U Mj} 

S* = {x G 5|u;(2;) C M j+1 U • ■ ■ U M„} , Sj = {x G Slc^ar) C M x U ■ ■ • U M,}. 

Moreover if (A, A*) is an attractor-repeller pair for S, we set 

7+ = {x G V>[°'°°>(a;) C V, w(x) C A*} , I A = {x G y|^-°°'°](x) C V, a(x) C A} 



In |SJ and |jUZ|| , it is proved that Ij~ and 7 are compact and (7+, 7 ) is an attractor- 



repeller pair for 5. This fact allows us to prove our results for an attractor-repeller pair 
and then extend them to every Morse decomposition. 



In order to define the concept of index pair , we follow [|RS| and |SJ . Given a compact 
pair (N, 7) with 7 C N C X, we define the induced semi-flow on N/L by 

t , t, s f ¥>*(&) ifV°'%) CN -L 

<p\ : iV/7 -> iV/7, y, (*) = ^ j, 

I [L] otherwise. 

In [[RS|| it is proved that ip^ is continuous if and only if 

i) 7 is positively invariant relative to N, i.e. 

x G 7, £ > 0, ^ [0 ' 4] (x) CiV^ ^°' <] (x) C 7. 



ii) Every orbit which exits N goes through L first, i.e. 

x G N,(p^'°°\x) t N => 3 t > with ip [0 ' t] (x) C N,tp\x) G L, 
or equivalently if x G A" — L then there is a t > such that ^^(x) C A". 

Definition. An index pair for an isolated invariant set S C X is a compact pair (N, L) 
in X such that N — L is an isolating neighborhood for S and the semi-flow p\ induced 
by ip l is continuous. 



In 0, ||CZ|| , |RS| and it has been shown that every isolated invariant set I admits 
an index pair (JV, L) and the homotopy type of the pointed space N/L is independent of 
the choice of the index pair. The Conley index of S is the homotopy type of {N/L, [L]). 
Note. We shall not distinguish between N — L and N/L — {[L]}. 

Definition. An index pair (JV, L) is called regular if the exit time map defined by 

/ sup{t\^(x) C N - L} iixeN-L, 
r + :N — ► 0,+oo), T+(x) = < 

[ lfxeL, 

is continuous. For every regular index pair (N, L), we define the induced semi-flow on N 
by 

v{:NxR + — >N, (fl(x) = ^™™{*,-+(z)}( x ) 



Proposition 2.1. If (N,L) be a regular index pair for a continuous flow ip*, then L is 
a neighborhood deformation retract in N. In particular, the natural map tt : AT — ► N/L 
induces an isomorphism H^{N,L) = H*(N/L, [L]). 

Proof. Consider the induced semi-flow ip^ on N and the neighborhood U := T^fO, 1] of 
L. Now y>t]|t/x[o,i] gives the desired deformation retraction. □ 

It is not true that H*(N, L) = H*(N/L, [L]) for every index pair (N, L). For this rea- 
son, it is common to use the Alexander- Spanier cohomology for which the above isomor- 



phism is always valid Q , [|CZ|1 . However it is easier to deal with more familiar homology 
and cohomology theories. Therefore we are interested in regular index pairs, the following 
result provides a criterion for regularity of an index pair. The reader is referred to |S| for 
the details about regular index pairs and the proof of the following useful criterion. 



Proposition 2.2. An index pair (N,L) is regular provided that (f^°'^(x) (jL N — L for 
every x G L and t > 0. 

Definition. Let S be an isolated invariant set with a Morse decomposition {Mj}" =1 . 
An index filtration is a sequence N C Aq C • • • iV n of closed subsets of X such that 
(iVfc, Nk-i) is an index pair for M& for every 1 < k < n. When each (JVjfe, Nk-i) is regular, 
then the above filtration is called a regular index filtration. 

It is not hard to see that if N C Aq C • • • N n is an index filtration, then (N n , N ) is 
an index pair for 5*. Moreover if the filtration is regular, then (N n , Nq) is a regular index 
pair for S. It is well-known that every Morse decomposition admits an index filtration 
and the generalized Morse inequalities is a consequence of this result ||CZ| . In the next 
section, we show that every Morse decomposition admits a regular index filtration. 



3 Conley's Fundamental Theorem 

In this section we generalize Conley's Fundamental Theorem of Dynamical Systems in 
Conley index theory. The following lemma will play a crucial role in the continuity of 
Conley's Lyapunov function. 

Lemma 3.1. Let S be an isolated invariant set with an attractor-repeller pair (A, A*), 



an index pair (N, L) and the isolating neighborhood V = N — L. If B is a compact subset 
of N/L — I £* and U is a neighborhood of [L] U JJ, then there exists T G R + such that 

<pf ,+00 \B) C U. 

Proof. We may assume that U is a compact neighborhood of [L] U/J with UClIJ = 0. 
Now suppose that there are x n G B and t n — > oo such that (p\ n (x n ) G" U. Since B is 
compact, we may choose x n 's so that x n — >■ x G B. It is easy to see that <^[°' +00 ^(x) C N— 
L. Since Bnl^* = 0, we have u>(x) C A, hence there is a t G R + such that ^ t,+00 \x) EU- 

\t i 1 ° 

Since x n — >■ x, there are t n G M + such that t n — ► +oo, ^' n (x n ) C[7 and t n > t for 
every n G N. It follows that there exists t' n G [t,t n ] such that ^I*'*™] c U, (p tn (x n ) G 9^7 
and t' n — t — ► +oo. (The latter is true since (f^ ,+oc ' (x n ) C.JJ and x n — > a;.) Therefore 



the sequence (p tn (x n ) has a limit point y G dU such that (p( °°' '(y) C U f) (N — L) and 
y G w(S) C S. Thus a(y) C A which follows that y G A. This contradicts y G <9£7. D 

Theorem 3.2. Let S be an isolated invariant set with an attractor-repeller pair (A, A*) 
and an index pair (N, L). There exists a continuous function g : N/L — > [0, 1] such that 
(i)g- 1 (0) = [L}Ul A and^ 1 (l) = /+. 
(ii) g(ip t (x)) < g(x) for every x £ [L] U Jj U f£, and £ G M + . 

Proof. Let p : iV/L — ► [0,1] be a continuous function with p _1 (0) = [L] U 1^ and 

p _1 (l) = Jj;. We define h : AT/L — >■ [0, 1] by h(x) = sup p(ipUx)). It is not hard to 

t>o 

see that /i -1 (0) = [L] U I J, h~ x (l) = ij*. We show that h is upper semi-continuous. 
For every x G N/L and e > there is a £ G M + such that p(if\(x)) > h(x) — e. Now 
there is a neighborhood U of x such that yjj(y) > /i(x) — e for every y G U . Therefore 
h(y) > h(x) — e for every y G £/" which proves the upper semi-continuity of ft. As a result, 
ft, is continuous in ft _1 (l). Now suppose that x G" ft _1 (l) = 1%, an d e < 1 — ft(x). If we set 
B = p _1 [0, h(x) + e] and U = p~ l [0, h(x) + e) in the above lemma, we obtain a T G M + 
with p((pt(y)) < h(x) + e for every y G B and t >T. Now by continuity of ip$, there exists 
an open set V C N/L such that x & V and p(</?|(y)) < ft(x) + e for every £ G [0,T] and 
y G V, Therefore h(y) < h(x) — e for every t G [0, T] and y G t/" fl V^ which shows that ft 
is lower semi-continuous in x. Now it is not hand to check that g := J Q e -t / \<p\{x))dt 
is the desired function ||. □ 

Theorem 3.3. Let 5 be an isolated invariant set with an index pair (N, L) and a Morse 

decomposition {Mj}f =1 . There is a continuous function g : AT/L — > [0, AT + 1] such that 

(i) <? -1 (0) = [L] and g(Mi) = i for every 1 < % < n. 

(ii) If x E N - L - U" =1 Mi and t > 0, then g(ip\{x)) < g{x). 

Proof. Consider the attractor-repeller pairs (Ij,I*) for < j < n. By Theorem 3.2, 

there are continuous functions g t : N/L — ► [0,1] with g~ (0) = [L] U I~, (?j rl (l) = 1^" 

and gj((p t (x)) < gj(x) for every x G" [L] U /J" U /+. Now g := g + ' ' ' + On is the desired 

function. □ 



Corollary 3.4. Every Morse decomposition admits a regular index filtration. 
Proof. Let / be the above Lyapunov function. If we set N^ := 7r _1 (/ _1 [0, k + 1/2]) for 
< k < n and N n := N, then by Proposition 2.2, (Nk, Nk-i) is a regular index pair for 
Mfc, for every 1 < k < n. □ 

Definition. Let </?* be a continuous flow on a compact metric space X. An e-chain for ip 1 
is a sequence xo, ■ • • , x„ in X and ti, ■ ■ ■ ,t n m [1, +oo) such that d(y»**(a;i_i)) < e. A point 
x G X is called chain recurrent if for every e > 0, there is an e-chain x — Xq, ■ ■ ■ ,x n — x. 
The set of all chain recurrent points for (p 1 is denoted by Rfy 1 ). 



It is not hard to Check that .R (<£>*) is a closed invariant subset of X containing the 
non-wandering set £)(<£*). In Q and ||Ro|| , it has been shown that i?^*]^*)) = Ri^p 1 ) 
and Rip 1 ) = C\{A U A*) where the intersection is taken over all attractor-repeller pairs 
(A, A*) in X. It is also known that the number of all attractor-repeller pairs in a compact 
metric space is at most countable. 

Theorem 3.5. Let S be an isolated invariant set with an index pair (N, L). Then there 

is a continuous function g : N/L — > [0, 1] such that 

(i) g~ l {0) = [L] and g(p t (x)) < g(x) for every x G N/L and t > 0. 

(ii)if x <E N — L — R(tp t \ I ) and £ >, then g(<^(x)) < g(x). 

Proof. Let {(A, ^)}£i be the sequence of all attractor-repeller pairs in S including 

(0, S) and (5", 0). Now by the Theorem 3.2, there are continuous functions g>j : iV/L — ► 

[0, 1] such that (?j _1 (0) = [L] U 17., g^ 1 = It* and g i (p t (x)) < gi(x) for every t G M + and 

x G' [L] U r|, U Jj. . Now g = X^i S -1 ^ is the desired function. □ 

The above result can be considered as a generalization of Conley's Fundamental The- 
orem of Dynamical Systems. A similar result for maps and semi-flows can be obtained 
by following HETRfl, p3|, p3j and [f5i|. 
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